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The interaction of a strong shock wave with the magnetic field of a current lattice is analyzed theoretically in 

the approximation of one-dimensional nonsteady magnetohydrodynamics. The calculated results are compared with 
experimental data [i]. 

The basic assumptions of the calculation are: i) the approximations of one-dimensional nonsteady 

magnetohydrodynamics are adopted; 2) the gas is assumed ideal with constant coefficients, and dissociation and 
ionization are neglected; 3) of the dissipative processes in the gas, only Joule heating is taken into account. Certain 
other assumptions will be stated during the solution of the problem. 

The interaction situation can be described in the following manner for the theoretical analysis: we assume that a 
shock wave is moving from left to right along the x-axis. In thee plane x = 0 (Fig. i), there is an ideally conducting 

"wall" (a lattice) which is totally permeable to a nonconducting gas. At t = 0, a current of surface density i begins to 
flow in the lattice in the y-direction. 

Fig. 1 

A t  t h i s  t i m e  t he  s h o c k  w a v e  i s  a t  a d i s t a n c e  x = - l  f r o m  t h e  l a t t i c e .  S i n c e  the  s h o c k - w a v e  v e l o c i t y  i s  m u c h  

s m a l l e r  t h a n  t he  v e l o c i t y  of l i g h t  c ,  a n d  s i n c e  t he  t i m e  lc  -1 i s  s m a l l  in  c o m p a r i s o n  w i t h  the  c h a r a c t e r i s t i c  t i m e  fo r  

the  i n t e r a c t i o n ,  we a s s u m e  t h a t  a c o n s t a n t  m a g n e t i c  f i e l d  H00 = 4 ~ c - l i ,  d i r e c t e d  a l o n g  t he  z - a x i s ,  i s  e s t a b l i s h e d  
b e t w e e n  t he  s h o c k  w a v e  and  t h e  l a t t i c e  a t  t = 0. 

If the gas behind the shock wave is conducting, a current will flow in it in the direction opposite that in the 

lattice, and a retarding force will arise. As a result of this "collision" between the shock wave and the magnetic 

field, a reflected shock wave arises, while the weakened incident wave (the refracted wave) penetrates into the 
magnetic field. The particles at the position of the incident shock wave at t = 0 form a contact surface separating the 

gas regions compressed by shock waves of different intensity. As the incident shock wave approaches the lattice, the 
magnetic field intensity and the shock wave velocities change, so that the gas parameters (including the entropy) are 

functions of x and t in the regions between the incident wave and the contact surface (region 2 in Fig. i) and between 

the contact surface and the reflected shock wave (region 3). In front of the incident wave (region i) and behind the 
reflected wave (4), the gas parameters are constant. 

To determine the nature of the flow, we must solve the nonsteady equations of magnetohydrodynamics in regions 

2 and 3 with an account of the relations at the shock waves and at the contact surface. To simplify this problem, we 
make several assumptions in addition to those stated above: i) the gas parameters in regions 2 and 3 are functions of 
only the time; we define them as certain averages over x; 2) the incident shock wave is so strong, and the gas 

conductivity in region 3 so large, that the magnetic field penetrates only a short distance into region 3, and the 

reflected shock wave is always ahead of the magnetic field diffusion and is therefore purely gasdynamic; 3) the gas 
conductivity in region 2 is small', the magnetic field is constant here and is a function of only the time; and the 
refracted shock wave is gasdynamic. 

The first assumption permits a significant simplification of the solution, while retaining much information about 

the interaction. The second and third assumptions can be justified to a certain extent. The reflected shock wave will be 
purely gasdynamic in two limiting cases: a) when there is a large conductivity to the left of the contact surface, and 
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when the r e f l e c t e d  shock wave o v e r t a k e s  the magne t i c  f ie ld  diffusion; b) when the conduct iv i ty  is  s m a l l ,  i . e . ,  when 
the gas  diffusion has a weak effect  on the na tu re  of the magne t ic  f ie ld  d i s t r ibu t ion .  In a suf f ic ien t ly  high in i t ia l  magne t i c  
f ie ld ,  the r e f r a c t e d  shock wave is a t tenua ted  as  i t  moves;  the gas  behind it m a y  become  nonconducting; and the shock 
wave wil l  a l so  be p u r e l y  gasdynamic .  

Accordingly, the assumption that all the shock waves are gasdynamic will give a more valid description of the 

strong interaction of a shock wave with the magnetic field of a current lattice. Analysis in this approximation is valid 
until the contact surface reaches the plane of the current lattice. 

Taking  a l l  t hese  a s s u m p t i o n s  into account ,  we obtain a sy s t em of equat ions  d e s c r i b i n g  the in te rac t ion .  At  each 
shock wave,  we have t h r e e  equat ions  (using the equat ion of s tate) ;  we have nine equat ions  in al l .  At  the contac t  su r f ace ,  
we have the two equat ions  

He re  HI is  equal  to the fo rce  pe r  unit  a r e a  of the contac t  su r f ace ,  whose coord ina t e  i s  denoted by ~?; and j and H 
a r e  the c u r r e n t  dens i t y  and magne t i c  f ie ld  in tens i ty  to the le f t  of the con tac t  su r face .  The  n u m e r i c a l  s u b s c r i p t s  denote  
the r eg ions  to which the given quan t i t i e s  r e f e r .  

A c c o r d i n g l y ,  we now have 11 equat ions;  l e t  us d e t e r m i n e  the number  of unknowns. 

In r eg ion  1, ahead of the inc ident  wave,  al l  the p a r a m e t e r s  a r e  given ( including the ve loc i ty  of this  wave). T h e r e  
a r e  two p a r a m e t e r s  (the p r e s s u r e  p and the dens i ty  p) r e m a i n i n g  unknown in each  of r e g i o n s  2, 3, and 4, in addi t ion 
to the f ront  v e l o c i t i e s  u 0 and u n of the r e f l e c t e d  and r e f r a c t e d  shock waves ,  the gas  v e l o c i t i e s  in these  t h r e e  r e g i o n s ,  
and the magne t i c  f ie ld  H0(t). T h e r e  a r e  thus 12 unknowns. 

We can find a twelf th equat ion by t r e a t i n g  the c u r r e n t s  in the gas  and in the l a t t i ce  as  a common  e l e c t r i c  loop and 
by a s s u m i n g  that  these  c u r r e n t s  a r e  shor t ed  at  a channel  height  d a long the y - a x i s  by idea l  conduc to r s .  The equat ion 
and in i t i a l  condi t ion fo r  th is  e l e c t r i c  loop a r e  

~(Ho'q+ iHdx)+RH~ (t), H o = l  (t=0).  (2) 

Here  R is the r e s i s t a n c e  p e r  unit a r e a  of the gas  l a y e r  to the lef t  of the contac t  su r face .  Equat ions  (1) and (2) a r e  
wr i t t en  in d i m e n s i o n l e s s  form;  the c h a r a c t e r i s t i c  quant i t i es  a r e  1 for  the length,  u for  the ve loc i ty ,  lu -1 for  the t ime ,  
plu 2 for  the p r e s s u r e ,  p~ for  the dens i ty ,  H00 for  the f ie ld ,  (c/4~r)H00/ for  the c u r r e n t ,  and (a4l) -1 for  the r e s i s t a n c e ;  

P - -  H~176 R m  = ~ 4 ~ 4 u l  �9 
8 ~ p l u  2 ' 

The pos i t ion  of the con tac t  s u r f a c e  is  given by 

t 

~] = - -  l ~- f u3dt . 
o 

(3) 

The quant i ty  E(t) was in t roduced  in Eq. (2) to compensa t e  for  the t w o - d i m e n s i o n a l  na tu re  of the ac tua l  
e x p e r i m e n t  [1]. In the t h e o r e t i c a l  s c h e m e ,  the c u r r e n t s  p a s s i n g  through the gas  and the l a t t i ce  a r e  equal ,  and the  t i m e  
dependence  of the magne t i c  f ie ld  between the gas  and the l a t t i c e  is  d e t e r m i n e d  only by the i r  in te rac t ion .  In the 
e x p e r i m e n t a l  appa ra tu s  of [1] t he re  a r e  two e l e c t r i c  loops:  1) the loop c ons i s t i ng  of the gas ,  e l e c t r o d e s ,  and l a t t i ce ,  
and 2) that cons i s t i ng  of the c a p a c i t o r s ,  b u s b a r s ,  and la t t ice .  The l a t t i ce  is  common to both loops;  a cco rd ing ly ,  the 
c u r r e n t s  in the gas  and in the l a t t i ce  a r e  not  equal  be c a use  the s i tua t ion  is not o n e - d i m e n s i o n a l .  The c u r r e n t  in the 
l a t t i ce  is  g r e a t e r  than that  in the gas ,  and i t  ma in t a in s  an addi t ional  magne t i c  f i e ld  which does  not  depend on the 
in t e rac t ion .  In the o n e - d i m e n s i o n a l  s c h e m e ,  this  can be compensa ted ,  at  l e a s t  qua l i t a t i ve ly ,  by in t roduc ing  some  emf  
E(t) which can ma in ta in  a spec i f i ed  c u r r e n t  and magne t i c  f ie ld  in the loop,  independent  of the in te rac t ion .  

In Eq. (2), two new quan t i t i e s  have been in t roduced:  R and H. The r e s i s t a n c e  of the g a s - e l e c t r o d e s - l a t t i c e  loop 
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is found f r o m  the equal i ty  of the J o u l e - h e a t i n g  lo s se s :  

RI'Z-~ 1~H~ = f ff-/5~, dx 

(we neg lec t  ene rgy  d i s s ipa t ion  in the e l e c t r o d e s  and in the lat t ice) .  

TO d e t e r m i n e  f ie ld  H, we mus t  so lve  the equation for  magne t ic  f ield diffusion in region 3: 

OH OH t aeH (4) 
Ot = - -  uS ~ + R m ~  ~ Ox ~ 

with the initial and boundary conditions 

H(0, x)= 0, H(t, ~])= H0, H(t, - - ~ ) =  0. 

We introduce the new independent variables 

t t 

1 -~- l --  I u j t ,  ~ = I -~- dt, ~ = :c 
o 0 

and we seek a solut ion of Eq. (4) in the f o r m  

H--  ~ 

This equation for H prevents us from writing simple expressions for R (the gas resistance in region 3) and for 

the magnetic flux, so we make two more assumptions which are valid for a qualitative analysis of the interaction. 

First we assume that a 3 = 1 and that H 0 changes so slowly as a function of the time that it can be taken through the 
integral. Then we have 

% (R., y,,.. 2 e_~,du ] , ~ H = H o  [ i - - ~  2 k t } ' 

R - -  \ 2~t ) ' Hd~ := 2Ho ~ �9 
.-c,c 

(5) 

Subst i tut ing (5) into (2), and making  the l as t  a s sumpt ion - - tha t  al l  the shock waves  a r e  s t rong- -we  find the sys t em 

t 
• 2 4 7 1 6 2  

o 
z - - 1  

unp3 = p3-- (p3 -- l) ( T  (pa-- l)) '/', 

(6) 

with the initial condition H0(0) = i. 

Sys tem (6) has been so lved  on a compu te r  for  a r a t io  of spec i f ic  heats  equal t o ~  = 1.67, for  va r ious  va lues  of 
the p a r a m e t e r s  P and Rm,  and for the va lues  

~+VY Z,=0 ,  E~= V ~  " 

We have set  E 1 = 0 h e r e  to c o r r e s p o n d  to the ini t ia l  c u r r e n t  in our e l e c t r i c  c i r c u i t  and to the fact  that H00 = 1; this 
f ie ld  is subsequen t ly  governed  only by the in t e rac t ion  of the shock wave with the la t t ice .  

In the second case, we have an emf E2 which depends on the time in such a manner that when ~? = -i, it 

compensates for the magnetic diffusion into the gas and maintains the magnetic field H00 constant (H00 = i). This 
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speci f ica t ion of the emf is not quant i ta t ive ly  the same as the t ime dependence of the magnet ic  field due to the la t t ice  
c u r r e n t  in the exper imen t s  of [1], but it p e rmi t s  us to a s c e r t a i n  the genera l  effect of this field on the in terac t ion .  

zl 1 

3 

#o' I 

! 

o / 2 

Fig. 2 

F igu re s  2 and 3 show the t ime dependence of the magnet ic  field H 0 and the posi t ion ~ of the contact  sur face  for 
P = 0.5 and for two funct ions E (the p a r a m e t e r  is the magnet ic  Reynolds number  Rm). For  E = 0 (Fig. 2), the in i t ia l  
field diffuses rapid ly  at  sma l l  R m into the gas and, s ince  the in terac t ion  ampl i f ies  the field s l ight ly  under  these 
condi t ions,  H 0 dec reases .  At some R m, the magnet ic  field begins  to dec rease ,  and then abrupt ly  i nc reases ;  however,  
up to R m = 4, the magnet ic  field at 77(t) = 0 does not reach  its ini t ia l  value H 0 = 1. For  R m >_ 50, the magnet ic  field 
i n c r e a s e s  great ly ,  r each ing  nea r  the la t t ice  a max imum 0?(t) ~ 0) which is three  to four t imes  as g rea t  as the in i t ia l  
field H 0 = 1. At R m ~ 400, the magnet ic  field r eaches  sa tura t ion ,  and r e m a i n s  a lmos t  cons tan t  nea r  the lat t ice;  the 
magnet ic  p r e s s u r e  is e s sen t i a l l y  equal to the gas p r e s s u r e  behind the re f lec ted  shock wave (Figs.  4 and 5). F igu re s  6 
and 7 show the ~? dependences  of the ve loc i t ies  u n and u0 of the r e f rac ted  and ref lec ted  shock waves. In Figs.  2, 4, 6, 
and 8, we h a v e E  = E l ;  in Figs.  3, 5, 7, and 9, we h a v e E  =E2)o At l a r g e R m ,  the r e f r ac t ed  w a v e f o r v = 0  
approaches  a sound wave, while the ref lec ted  wave becomes  So in tense  that it begins  to move re la t ive  to the wal ls ,  
opposite the inc ident  gas flow (posit ive va lues  of %). 

! 
3~ 

2 t~2 

I 

R,n= ~X~6 e 
! - .2  

Fig. 3 

For  E = E 2 (Fig. 3), the field d e c r e a s e  observed at E 1 = 0 does not occur at smal l  R m. At large R m,  the 
di f ference in the H0(t) dependences  for E z and E 2 is not iceable  only dur ing  the in i t ia l  s tage of the in teract ion;  here  the 
magnet ic  field is governed only by the in te rac t ion  i tself .  With Ez, the in te rac t ion  is g r e a t e r  for all  R m than in the case  
E = 0 (Figs.  2 -7) .  
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F i g u r e s  8 and 9 show, for ~(t) = 0, the R m dependences  of the p r e s s u r e  p3 behind the ref lec ted  shock wave and 
the veloci ty u n of the r e f rac ted  wave for var ious  values  of the p a r a m e t e r  P (the cu rves  a re  labeled with the P values).  
As R m and P i nc r ea se ,  there  is a sharp  in tens i f ica t ion  of the in teract ion.  The r e  is a c e r t a i n  sa tu ra t ion  evident  for P > 
> 0.5 and R m > 50 (for E 2) or R m > 100 (for El). Under these condi t ions,  the p r e s s u r e  P3 is approximate ly  equal to the 
p r e s s u r e  behind the re f lec ted  shock wave when there  is complete  r e t a rda t ion  of the flow, and the veloci ty of the 
r e f r ac t ed  wave is approx imate ly  equal to the veloci ty  of sound. 

I P l  
o 

Fig. 10 

In Fig. 10, we have a t tempted to compare  the r e su l t s  of this ca lcu la t ion  with the exper imen ta l  data of [1]. This  
f igure  shows the dependence of the velocity of the r e f rac ted  wave on the hydromagnet ie  p a r a m e t e r  P. 

The theore t ica l  value of u n is adopted for a c on t a c t - su r f a c e  posi t ion 77(t) = 0, while the expe r imen ta l  value is 
adopted for the ins tant  at which the r e f r ac t ed  wave approaches  the end wail. The expe r imen ta l  points  [1) R m = 12.5; 
2) R m = 15] in Fig. 10 l ie below the theore t ica l  values  for the given R m values;  the di f ference is  p a r t i c u l a r l y  
not iceable  at E l = 0. In the expe r imen t s ,  the shock wave approached the e lec t rodes  at a t ime t I approximate ly  equal 
(see Fig. 5 of [1]) to the m a x i m u m  c u r r e n t  f rom the capac i to rs  through the lat t ice.  Dur ing  the course  of the 
in te rac t ion ,  this c u r r e n t  subsequent ly  dec reased ,  so the magnet ic  field it produced did also. In the theore t ica l  
ana lys i s ,  the specif icat ion E 1 = 0 co r responds  to the absence  of this field, which is produced by the c u r r e n t  f rom the 
ex te rna l  capaci tor  bank at t > 0; with E = E~, it  co r responds  to a cons tant  field with ~? = - 1 ,  i . e . ,  to the p r e sence  of a 
s t ronge r  ex te rna l  field than in the exper imen t s .  For  this reason ,  the exper imen ta l  points in Fig. 7 [1] should l ie above 
the curve  for Rm = 16 and E 2. The assumpt ion  (r = const  adopted for the ca lcula t ion  apparent ly  has affected the 
quant i ta t ive  d i s a g r e e m e n t  between theore t ica l  and exper imen ta l  data. An account of the g a s - t e m p e r a t u r e  dependence of 
~, the i n c r e a s e  of (~ accompanying  the Joule heat ing,  and the poss ib i l i ty  (ment ioned in [1]) of T - l a y e r  fo rmat ion  [2] 
would have caused an i n c r e a s e  in the effect of R m and a s ignif icant  in tens i f ica t ion  of this in te rac t ion ,  and would have 
resu l ted  in be t te r  ag reemen t  between expe r imen ta l  and theore t ica l  r e su l t s .  

The author thanks S. P. Kurdyumov, V. S. Sokolov, V. A. Derevyanko, and E~ F. Lebedev for discussion of 

this study; and G. I. Sharova and S. P. Mymrina for carrying out the calculations and displaying the results. 
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